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Modified Shear-Stress Transport Turbulence
Model for Supersonic Flows

Sang Dug Kim* and Dong Joo Song’
Yeungnam University, Gyeongsangbuk-do, 712-749, Republic of Korea

The shear-stress transport turbulence model of Menter was derived to predict an accurate separated flow in
the adverse pressure gradient flowfield, but it has sometimes failed to analyze these regions due to the strong
shock/boundary-layer interaction. The modification of the shear-stress transport turbulence model adopted the
shear strain rate instead of the vorticity as a limitation of the shear stress. The modified shear-stress transport
turbulence model was applied to simulate supersonic compression corner flows including strong shock/boundary-
layer interactions, and its performance in predicting the wall pressure distribution and the skin-friction coefficient
was evaluated. The pressure distributions on the wall surface predicted by the modified shear-stress transport
turbulence model showed an agreement with the experimental data in a transonic axisymmetric bump flow with
the weak shock/boundary-layer interaction. In the cases of the 20- and 24-deg compression corner flows with strong
shock/boundary-layer interactions, the modified shear-stress transport turbulence model yielded a more accurate
prediction of the shock location and the wall pressure distribution and it also produced the more reasonable
mean velocity profiles and skin-friction coefficient distribution in the redevelopment region as compared to the

shear-stress transport turbulence model.

Nomenclature
A = Jacobian matrix
a sonic speed
Cy = skin-friction coefficient, 27,/ poott’,
c = chord of bump
E = volumetric total energy, e + p(u* +v?)/2
e volumetric internal energy, p/(y — 1)
F,G = flux vectors
k turbulent kinetic energy
Pr = Prandtl number
)4 = static pressure
q = conservative variables
q = primitive variables
q = characteristic variables
Re = Reynolds number
So source term vector
u,v Cartesian velocity components
Uy = friction velocity
) = boundary-layer thickness
y = specific heat ratio
K = von Kédrmdn constant
I = molecular viscosity
e = turbulent eddy viscosity
v = kinematic viscosity
oy, 0, = turbulent Prandtl numbers for k and w
w = dissipation rate of turbulent kinetic energy
Subscripts
t = turbulence quantity
w = quantity at the wall
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1. Introduction

HE phenomena of shock/boundary-layer interaction (SBLI),

subsequent separation, and unsteadiness are the most inter-
esting and difficult problems to predict in aerodynamics. Be-
cause of the complex nature of the flowfield, even though the
overall flowfield can be reasonably predicted in supersonic flows
with strong interactions between the shock and turbulent bound-
ary layer, the prediction of the proper extent and size of the flow
separation region and the accurate skin-friction coefficient is ex-
tremely difficult.'=> A lot of experimental, analytical, and numer-
ical studies have been conducted to better understand the physics
of SBLI and to evolve accurate prediction methods because these
phenomena are easily found in many practical areas of external
aerodynamics, as well as fluid mechanics, and directly effect the
performance of engine inlets, compressors, and turbines in high-
speed aircraft. A precise prediction of the SBLI will not only en-
hance the performance of an engine’s components, but also may
help establish a significant reduction in design and fabrication
costs.

When a supersonic flow over acompression ramp, which is typical
of a deflected control surface of a high-speed aircraft, is considered,
shock waves occur at the corner and yield a rise in pressure. This
adverse pressure gradient becomes stronger as the deflection angle
of the ramp and Mach number increases, eventually producing flow
separation, which may incur oscillating shock and unsteady pressure
loads on the structure body.

A series of experimental studies on several compression corners
were undertaken by Settles et al.! Those experiments were con-
ducted at a freestream Mach number of 2.85 and at ramp angles
of 8, 16, 20, and 24 deg and provided details of the flowfield with
SBLIs. They are now used in the present computational investigation
for assessment of turbulent models.

One of the major elements used to obtain an accurate predic-
tion is the excellent performance of the turbulence model. An alge-
braic turbulence model was adopted for compressible Navier—Stokes
codes because it is easy to implement and it requires minimum com-
puter time and storage. Baldwin and Lomax® proposed an algebraic
eddy-viscosity model that does not require the determination of the
boundary-layer edge because it employs the vorticity. Visbal and
Knight? carried out a comparative study on a modified model for
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upstream history effect and the original Baldwin—-Lomax model for
the supersonic compression corner problem. However, these models
failed to predict the rapid recovery of boundary layer downstream
of a reattachment point.

Two-equation turbulence models have the capability of predicting
more complex flows than zero; and one-equation models because
both velocity and length scales are solved locally. Two-equation
models, however, are based on the assumption that the Boussinesq
approximation is valid and that the turbulence is isotropic. The
low Reynolds number k—¢ formulation of two-equation turbulence
models has been widely adopted in practical engineering problems
due to its robustness. The k- model of Wilcox® was proposed
to overcome disadvantages of the k—e model, which fails to re-
produce correctly the effects of the solid wall boundary on tur-
bulence. Wilcox tested several low Reynolds number k—¢ models
and the k—w model by computing the boundary layer with vari-
ous pressure gradients. The k—w model predicted the skin-friction
coefficient to be more accurate for strong adverse pressure gradi-
ent flows. For the k—w model, however, the freestream value of
w produced some effects on boundary layers, although the k—¢
model is not sensitive to the freestream value of ¢, as discussed by
Menter.’

A turbulence model, called baseline (BSL) model, was proposed
by Menter,® which combined the k—w and k—& models by using a
switching function. This model is identical to the k—¢ model in terms
of the free shear layer and is also insensitive to freestream values of
. Another proposed version of the model is called the shear-stress
transport (SST) model, which can account for the transport of the
turbulent shear stress in turbulent boundary layers. This model was
derived through the use of Bradshaw’s assumption that the prin-
cipal shear stress is proportional to the turbulent kinetic energy.
The predictions of the SST model show an agreement with the ex-
perimental data for adverse pressure gradient boundary-layer flow,
when the flow has a weak SBLI. The SST model, however, has some-
times failed to predict the flowfield with a strong SBLI. Forsythe
et al.* investigated the six popular turbulence models, including the
SST model for supersonic compression ramp flow. His investigation
showed that all models studied, with and without compressibility
modifications, failured to predict the shock position and the rapid
recovery of the velocity profile downstream of the shock, as well as
overpredicted the wall pressure rise within the separation zone. The
primary purpose of this work is to find a possible improvement of the
assumption implied in the SST model for better prediction in strong
SBLI.

In the meantime, the finite-difference method based on the up-
wind scheme has been developed by various researchers. The up-
wind method is appropriate due to its robustness in capturing
the shock wave in the transonic/supersonic flow. Classical up-
wind schemes can roughly be divided into two categories: flux
vector splitting schemes (Steger-Warming® and Van Leer!®) and
flux difference splitting schemes (Godunov,'! Roe,'? and Osher'?).
In the original Godunov scheme, the local Riemann problem is
solved exactly; however, Roe and Osher used approximate Riemann
solvers instead. Among the upwind flux difference splitting Navier—
Stokes methods, Lombard et al.'* solved two-/three-dimensional
complex high-speed flow quite efficiently with reasonable accu-
racy using the conservative supra characteristic method (CSCM).
The CSCM-type upwind flux difference splitting scheme has the
merits of the upwind scheme, the ease of applying characteris-
tic boundary conditions, and the robust flow solver. Kim et al.!®
have successfully studied the usage of the Kolmogorov velocity
scale instead of the conventional velocity scale in modifying a
turbulence model for a supersonic flow, and Song et al.'® have
shown the off-design performance of centrifugal compressor dif-
fusers with various mass flow rates using a CSCM-type upwind
method.

In this work, we used the CSCM upwind Navier—Stokes code
with three, two-equation turbulence models, Menter’s BSL and SST
models and the modified SST(MSST) model proposed here, to ap-
praise their performances in predicting compression corner flows
with strong SBLIs.

II. Governing Equations and Turbulence Closure

A. BSL Model

The BSL model was proposed to keep the best features of both
models, that is, to retain the robust and accurate formulation of the
k—w model in the near wall region and to take advantage of the
insensitive feature based on the freestream values of the k— model.
The function F; was designed to switch from the k—w model for
the wall surface to the k—e model for the free shear flow, and the
blending is to take place in the wake region of the boundary layer.
The two-dimensional Reynolds averaged Navier—Stokes equation
with Menter’s BSL model can be written as
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The effective stress tensor and the effective heat flux vector are given

by
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Furthermore, the source term vector is given by
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where turbulence kinetic energy production is
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To compute the switching function F,
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Fy = tanh( arg} ) (10)

The switching function is designed to be in the near-wall region
and zero away from the surface, which determines the value of the
model constants. If ¢, represents a constant of the k—w model, and
¢, represents the same constant for the k—¢ model, the new model
constants are expressed by ¢:

¢=Fi¢pi+ 1 -F)op, (11)

The following two sets of model constants are used:
Set 1 (¢):

0, =05, 0, =05 P =0075  B* =009
k=041,  yi =B/ —0uk®/\/B*
Set 2 (¢»):
Ok, = 10, Ow2 = 0856’ ﬁz = 008287 ﬂ* =0.09
Kk =0.41, V2 = Bot/B* — 0wk’ [/ B

Set 1 corresponds to the k—w model that is used in the near-wall
region, and set 2 corresponds to the transformed k—e model that
is applied for free shear layers. The eddy viscosity of the baseline
model is supplemented by the following relation:

= pk/w) (12)

B. SST Model

The SST model was developed to consider the transport of the
principal turbulent shear stress, which employed the limitation of
the turbulent shear stress that is based on Bradshaw’s assumption
that the shear stress in the turbulent boundary layer is proportional
to the turbulent kinetic energy,

Tij = alpk (13)

with a; =0.31. The shear stress of the turbulence models are also
computed from

1 3u,~ auj
K 1 (1
J i

where |€2| is the absolute value of the vorticity. Within this frame-
work of a conventional eddy-viscosity model, Menter redefined the
eddy viscosity as follows:

we = a1 pk/|12| (15)
which finally provided the expression

a pk
= — 16
M= max(@w, 120) (16)

which guarantees that the shear stress does not change more rapidly
than pa;k in the adverse pressure gradient region. To recover the
original formulation of the BSL for the free shear layers, a blending
function was used,

ST (17)
M= nax(@o, |2IF,)

where F, is defined as follows:

arg, = max 2vk 500w (18)
8= 0.090y° pwy?
F, = tanh (arg% ) (19)

The constants for the SST model are changed within this relation to
give the following two sets of model constants.

Set 1(¢y):
O = 0.85, Oyl = 057 ﬂl = 0075’ ﬁ* =0.09
K:O.41, Y1 :ﬂl/ﬁ*_gmlkz/\/ ﬂ*

Set 2 remains the same.

The SST model has provided very accurate results for the sim-
ulations of separated flows with an adverse pressure gradient. The
prediction of the flowfield with weak SBLI showed an agreement
with the experimental data.

C. MSST Model

The SST model has sometimes yielded the overprediction of the
separated flow regions where strong SBLIs occur. This is one of the
reasons that the SST model was derived for incompressible flow, and
the value of a; may need to be reevaluated for compressible flows.
Another reason is the usage of the absolute value of the vorticity |£2|
for redefining the shear stress and the eddy viscosity in Eqs. (14)
and (15). In the conventional turbulence models, however, the shear
stress is proportional to the shear strain rate S;; as follows:

1 u i u j
Sy = 2(axj * 8x,~> 20)
which is more consistent with the eddy-viscosity assumption in the
Reynolds averaged Navier—Stokes equation based on the Boussinesq
approximation. In this work, the MSST model adopted this equa-
tion instead of Eq. (14) used in the SST model to achieve rotational
invariance, which seems to be a sounder measurement of fluid dis-

tortion than the vorticity in a complex flowfield. Consequently, the
new expression of the eddy viscosity is given by

Tij = lthSijs

a pk
W= —————— 2D
max(aiw, |S|F2)
The model constants and the blending function remains unchanged
from those used in the SST model.

III. Numerical Methods

The CSCM upwind flux difference splitting method utilizes the
properties of similarity transformation based on the conservative,
the primitive, and the characteristic variables,

AF = AAqg = MTAT 'M~'Aq
= MTAT 'AG = MA'AG
= MTAAG (22)

Lambda is a diagonal matrix whose diagonal elements correspond
to the eigenvalues (u, u, u +a, u —a, u, u) and variables ¢, g, and
q are related as follows:
Ag = M 'AG, AG =T 'Ag (23)

The M matrix transforms the primitive variable difference into the
conservative variable difference. 7! is the transformation matrix
of the primitive variable difference into the characteristic variable
difference, and it is somewhat arbitrary concerning scaling, which
leads to logarithmic difference approximations for the density,
pressure, and Mach number.

The characteristic variables can be obtained from the primitive
variables through the following relation:

T'(A'AG) =T " (TAT HAG = AAG (24)

The inviscid flux AF can be divided into AF* and AF~ using a
diagonal truth function matrix D*, and Eq. (11) can be written as

AF = MT(DY 4+ D)T'A'AG = AF* + AF~  (25)

DY = 3[1+ (A/IAD], D™ = 3j[1—(A/|AD]  (26)
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When the relation A’A§ = M~ Aq is used, Eq. (25) can be rewritten
as

AFF = MTD*T'M~'Aq = A*Aq 27

Equation (27) satisfies the property U of Roe,'? and thus, the flux
vectors are conserved. Although the formulation becomes compli-
cated due to transformation matrices M, T', and 1\;114_l the differencing
scheme in turn has the representation of the convective flow propaga-
tion through these matrices and naturally allows easy characteristic
boundary conditions via modified 7'~".

The implicit finite difference equation can be discretized using
one-side differencing, depending on the sign of eigenvalues of the
Jacobian matrices. For third-order accuracy of the inviscid terms
in the explicit part (right-hand side), we use the flux extrapolation
with the minmod limiter.!” With use of approximate factorization
(Warming and Beam'®), the equations are solved along the £ direc-
tion and then the » direction successively. We consider that con-
verged solutions are obtained when the L2 residual of all variables
reaches 1.0 x 107°.

IV. Grid System and Boundary Conditions

The grid system was generated by elliptic partial differential equa-
tion grid techniques, and a stretching function was used to clus-
ter most grid points near the wall. The grid system was 100 x 60
over the axisymmetric bump in the longitudinal and normal di-
rections, respectively (Fig. 1a). The same configuration was used
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Fig. 1 Grid system for a) bump flow and b) 16-deg compression corner
flow.
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Fig. 2 Dependence of skin-friction coefficient distribution on a num-
ber of grid points in a 16-deg compression corner flow.

experimentally by Johnson et al.'® The incoming flow properties
were prescribed by freestream values. Also, the 110 x 90 grid sys-
tem was constructed for the supersonic flow cases of the compres-
sion ramp (Fig. 1b). The first grid point is located at y* ~ 1 away
from the wall, and 70 points were contained in the normal direc-
tion within the boundary layer on the flat plate. The incoming flow
properties were prescribed by using the solutions of the turbulent
flat-plate flow. In all cases, a first-order extrapolation was used at
outflow boundaries. At the wall surface, the no-slip boundary con-
dition and the adiabatic condition were used. The turbulent kinetic
energy was set to zero on the wall, and w was given by

w = 10[61 / pp1(Ay1)’] (28)

Figure 2 shows the grid dependence of the skin-friction coeffi-
cients for the 16-deg compression corner resulting from the simula-
tion using the BSL model. In the grid-resolution study, the number
of grid points was increased by inserting additional grid points on
the boundaries. The results indicate that the number of grid points
used in the current study was sufficient to resolve the SBLI because
little change of the skin-friction coefficient was noted for more grid
points in each direction.

V. Results and Discussion

A. Transonic Bump Flow

The transonic, axisymmetric bump flow with weak SBLI was
used in the evaluations of the turbulence models. The freestream
Mach number was 0.875 and the Reynolds number based on the
length of the bump was 2.761 x 10°. The general characteristics of
the axisymmetric turbulent flowfield over the bump were compared
with the experimental data of Johnson et al.'” and the results from
three different turbulence models. Figures 3a and 3b result from the
current numerical simulation by the BSL model. Figure 3a shows the
dimensionless pressure contours in the flowfield around the bump.
We can see that the flow acceleration near the front portion of the
bump was followed by a weak shock occurring on the latter portion
of the bump, which was clearly predicted by the current numerical
method. After the transonic shock/turbulent boundary-layer interac-
tion, the velocity profile was suddenly distorted and detached by the
adverse pressure gradient. The diverged geometric effect is shown
in Fig. 3b.

Figure 4 shows the dimensionless surface pressure distribution
along the wall surface of the bump. The wall pressure values of
each model are identical to each other until the compression wave
is encountered at about x/c =0.5. Because of the acceleration of
the flow, which reaches to the low supersonic flow downstream of
bump leading edge, the pressure decreases almost linearly, until
the weak shock occurs. Then, the pressure increases sharply after
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Fig. 3 Simulation results of a transonic bump flow: a) nondimensional
static pressure contours and b) velocity vectors near the end of the bump.
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Fig. 4 Nondimensional pressure distribution on the wall surface of the
bump.

the weak shock at about x/c =0.6. The experimental data show a
small plateau of pressure distribution near x /c = 1, partly due to the
flow separation downstream of the transonic SBLI. When the mean
flowfield is suddenly distorted due to the shock, the conventional
two-equation turbulence models tend to yield a sudden increase in
the Reynolds shear stress and the eddy-viscosity level, which rarely
produces the separated flow caused by the weak SBLI and adverse
pressure gradient. That is why models such as the BSL model might
have some deficiencies in predicting the pressure distribution around
the flow separation region. However, the SST model was derived to
prevent the shear stress from increasing rapidly, and it shows good
performance in predicting the pressure distribution on the bump
wall surface around the flow separation region. The wall pressure
distributions of the MSST model proposed herein were identical to
those of the SST model, although the BSL model could not show
the plateau of the wall pressure distributions.

B. Supersonic Compression Ramp

The BSL, SST, and MSST models were applied to the compres-
sion corner cases with the strong shock/turbulent boundary-layer
interaction. The freestream Mach number was 2.85, and three differ-
ent ramp angles were 16, 20, and 24 deg. The experiments of Settles
etal.! deal with the two-dimensional ramp placed on the bottom wall
of a wind tunnel to allow the shock to occur, which interferes with
the turbulent boundary layer. Figure 5a shows the dimensionless
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0
= L T | T i |
0053 -0.1 0 0.1 0.2
b) x/5,

Fig. 5 Simulation results of a supersonic ramp flow: a) nondimen-
sional static pressure contours and b) velocity vectors near the end of
the bump.
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pressure contours over the 16-deg compression ramp. The shock
was clearly predicted with the shock angle of 37 deg, which cor-
responds to the oblique shock relations with a deflection angle of
16 deg. After the shock occurs, the sharp increase in static pressure
and the direction change of the boundary-layer flow cause the tur-
bulent boundary layer to thicken just upstream of the corner. The in-
cipient flow separation was found in the 16-deg ramp flow (Fig. 5b).

Figure 6a shows the surface pressure distribution along the wall
of the 16-deg compression ramp. The wall pressure is identical
to the freestream value until the oblique shock occurs at about
x/8p=—0.3. The pressure gradient decreased downstream of the
corner, and the pressure eventually reached a level of theoretical
inviscid pressure rise, as expected. The SST and MSST model ex-
hibited a small kink near the corner, indicating the presence of flow
separation. All models are highly consistent with the experimental
data. The skin-friction coefficient distribution along the wall surface
is shown in Fig. 6b. The skin-friction coefficients from the BSL,
SST, and MSST models are in reasonably good agreement with the
experimental data in the forward portion of the sharply decreasing
skin-friction coefficient. However, all of the models failed to predict
the skin-friction values in the separated flow region, although all of
the models produce a good rate of skin-friction coefficient recovery
downstream of the shock on the inclined wall surface.

For the 20-deg ramp (Fig. 7a), the difference of the prediction per-
formance among models began to be revealed clearly. Even though
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Fig. 6 Simulation results of a 16-deg compression corner flow: a)
nondimensional wall pressure and b) skin-friction coefficient distribu-
tions.
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Fig. 7 Simulation results of a 20-deg compression corner flow: a)
nondimensional wall pressure and b) skin-friction coefficient distribu-
tions.

the SST and MSST models overpredict the wall pressure rise within
the flow separation region, these models show an agreement of the
wall pressure distribution with the experimental data downstream
of the redeveloped region. The BSL model underpredicts the shock
location and shows the rapid increase of the wall pressure after the
shock. All of the models overpredict the separation bubble sizes
and produce the reattachment points farther downstream than the
experiment because these models fail to yield the rapid recovery
of the boundary layer downstream of the shock (Fig. 7b). For the
velocity profile comparisons shown in Fig. 8, the differences among
the results obtained using theses models are shown only where the
results show some disagreement with the experimental data around
the separated flow region. Unlike the BSL model, the MSST and
SST models show that the velocity profiles are easily distorted and
yield a good comparison with the experimental results immediately
downstream of shock location (Fig. 8b). All of the computed ve-
locity profiles are in substantial disagreement with the experimental
data in the recovery region downstream of the corner (Fig. 8d).
For the 24-deg ramp, the normalized wall pressure and the
skin-friction coefficient distributions are compared in Fig. 9. Ex-
perimental results indicated that the shock structure may experi-
ence unsteady oscillations and three dimensionality of the flow.
The steady two-dimensional assumption may have deteriorated the
computational results in this case.! The MSST model, however,
shows good agreement with the shock location and the wall pres-
sure rise in the flow recovery region downstream of the SBLI, even
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Fig. 9 Simulation results of a 24-deg compression corner flow: a) nondimensional wall pressure and b) skin-friction coefficient distributions.



KIM AND SONG 1125

though the BSL and SST models yield a severe discrepancy in those
predictions. The SST model shows very low skin-friction coefficient
distribution downstream of the SBLI, but the MSST model produces
a more accurate prediction in the redevelopment region (Fig. 9b).

Comparisons of the mean velocity profiles at several locations
along the wall surface of the 24-deg ramp, are shown in Fig. 10.
Upstream of the shock, x/§y =—2.17, the computed result from
the BSL model was found to be similar to that obtained experi-
mentally, even though the SST model predicted flow reversal. The
BSL model, however, still showed a fully developed velocity profile
downstream of the shock, x /8, = —1.48, whereas the experimental
data showed a defected velocity profile due to the SBLI. The MSST
model predicted a smaller discrepancy from the experimental data in
the severe reversed flow region than the SST model did (Fig. 10c).
All models showed that the redevelopment of the boundary layer
was somewhat slow downstream of the reattachment portion and
especially showed some deviation of the velocity profiles from the
experimental data near the wall region.

VI. Conclusions

The BSL and the SST models of Menter and the MSST model
proposed here were used to predict transonic/supersonic compress-
ible flows, including SPLI. For the modification of SST model, the
absolute value of the vorticity tensor was replaced by the scalar mea-
surement of the shear strain rate to achieve rotational invariance.

In the case of a transonic axisymmetric flow with the weak SBLI,
the wall pressure distribution yielded by the MSST model was iden-
tical to that of the SST and bill models agreed with the experimen-
tal data, although the BSL model did not show the plateau of the
wall pressure distributions near the end of the bump. In a 16-deg
ramp flow, all of the models produced a good rate of skin-friction
coefficient recovery and wall pressure distribution downstream of
the shock. In the cases of the 20- and 24-deg compression cor-
ners, which imply strong SBLI, the MSST model resulted in a more
accurate prediction of the shock location and the wall pressure dis-
tribution in the flow recovery region downstream of the shock. It
also produced more reasonable mean velocity profiles, separation
bubble sizes around the reversed flow zones, and skin-friction co-
efficient distributions in the redevelopment regions, as compared
to the SST model. The performance evaluations in the current nu-
merical simulations indicated the enhanced capability of the MSST
model proposed here to predict the adverse pressure gradient flow
of the compression ramps with strong SBLI.
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